Nowadays mathematical models and numerical simulations are widely used in the field of hemodynamics, representing a valuable resource to better understand physiological and pathological processes in different medical sectors. The theory behind blood flow modeling is closely related to the study of incompressible flow through compliant thin-walled tubes, starting from the incompressible Navier-Stokes equations. Furthermore, the mechanical interaction between blood flow and vessels wall must be properly described by the model. Recent works showed the benefits of characterizing the rheology of the vessel wall through a viscoelastic law. Taking into account the viscous contribution of the wall material and not simply the elastic one leads to a more realistic representation of the vessel behavior, which manifests not only an instantaneous elastic strain but also a viscous damping effect on pulse pressure waves, coupled to energy losses. In this context, the aim of this work is to propose an easily extensible one-dimensional mathematical model able to accurately capture fluid-structure interactions. The originality of the model lies in the introduction of a viscoelastic tube law in PDE form, valid for both arterial and venous networks, leading to an augmented fluid-structure interaction system. In contrast to well established mathematical models, the proposed one is natively hyperbolic. The model is solved with an efficient and robust second-order numerical scheme; the time integration is based on an Implicit-Explicit Runge-Kutta scheme conceived for applications to hyperbolic systems with stiff relaxation terms. The validation of the proposed model is performed on several different test cases. Results obtained in Riemann problems, adopting a simple elastic tube law for the characterization of the vessel wall, are compared with available exact solutions. To validate the contribution given by the viscoelastic term, the Method of Manufactured Solutions has been applied. Specific tests have been designed to verify the well-balancing with respect to fluid-at-rest condition and the accuracy-preserving property of the scheme. Finally, a specific test case with an inlet pulse pressure wave has been designed to assess the effects of viscoelasticity with respect to a simple elastic behavior of the vessel wall. The complete code, written in MATLAB (MathWorks Inc.) language, with the implemented test cases, is made available in Mendeley Data repository.
Introduction
The availability of robust and efficient mathematical instruments, together with the engineering know-how in the fluid mechanics sector, represents an invaluable tool for a consistent support in hemodynamics studies. It is a proven fact that computational modeling can provide efficient approaches for the quantification of fluid dynamics phenomena in the cardiovascular network, supplying meaningful data that otherwise would require invasive techniques or simply would not be available with general clinical measurements [17, 4, 52] . Mathematical models and numerical simulations can also help the prediction of the possible onset of diseases and development of pathologies [46, 24, 28] .
In recent years, mathematical models have been consistently developed, focusing on different aspects and fundamental issues that need to be addressed to successfully model the circulatory system. Among these, it has to be considered that blood flow mechanically interacts with vessel walls and tissue, giving rise to complex fluid-structure interactions whose mathematical analysis is difficult to properly describe and numerically simulate in an efficient manner [20, 22] . The wall of a blood vessel consists of three layers of different tissues: an epithelial inner lining, a middle layer consisting of a smooth muscle and elastic connective tissue, and a connective tissue outer covering. These three structural layers, from innermost to outermost, are called tunica interna (intima), tunica media and tunica externa [48] . At a macroscopic level, the arterial wall can be seen as a complex multi-layer viscoelastic structure which deforms under the action of blood pressure [34, 51] , even collapsing, in the case of veins, under certain circumstances [41, 47, 43] . The modeling of the interaction between blood flow and vessel wall mechanics requires the definition of a constitutive law which has to correctly describe the energy transfer between the two means, to accurately represent wave propagation phenomena [18, 22] . Even though frequently in hemodynamics models the viscosity of vessels is neglected for simplicity, there is an increasing number of contributions showing the benefits of modeling the mechanical behavior of the vessel wall using a viscoelastic rheological characterization [49, 38, 2, 3] . In viscoelastic materials the energy put into the system during strain is not totally recovered during relaxation, causing a viscous damping of the pulse waves. This phenomenon can be found in many biological tissues and it is visible when plotting pressure against area variations in time: the presence of a widening pressure-area loop (hysteresis) represents the effective energy dissipated during dilatation and contraction cycles [49, 37, 5] . When modeling the vessel wall mechanics simply by means of an elastic law, the whole information related to the loss of energy of the phenomenon vanishes and pressure peaks levels could be overestimated [20, 2, 27, 5] . For this reason, many attempts have recently been made to improve the rheological characterization of vessels wall on the basis of linear, quasilinear viscoelasticity or more complex non-linear models [38, 49, 5, 19] .
In the present work, a novel one-dimensional augmented fluid-structure interaction (FSI) system, able to capture viscoelastic wall effects, is presented for the blood flow modeling of both arterial and venous network and solved with a Finite Volume Method (FVM) with the implementation of an IMEX-SSP2 Runge-Kutta scheme [36] . Usually, the viscoelastic behavior of vessels is described by analogous mechanical models consisting of springs and dashpots. In this work, the use of the Standard Linear Solid Model (SLSM) is proposed, represented by one spring in series with the so-called Kelvin-Voigt (KV) unit, composed by a spring and a dashpot in parallel. This model is yet able to exhibit all the three primary features of a viscoelastic material: creep, stress relaxation and hysteresis [21] . The same viscoelastic model is indeed already used by Bessems et al. [10] and by Valdez-Jasso et al. [49] , with successful comparisons of numerical results with experimental data. Moreover, Bessems et al. [10] uses a mathematical approach similar to the one presented in this work, based on an augmented system of equations, but with a different formulation of the final SLSM constitutive law and solely for the arterial network, associated to a spectral element method discretization. Nevertheless, the most commonly used viscoelastic model merely considers a Kelvin-Voigt unit, due to its simplicity [2, 27, 50, 33, 24] . This model formulates pressure as a function of cross-sectional area, making it straightforward the incorporation into a fluid dynamics model. However, the KV model has the lack of being able to describe an exponential relaxation of the stress (pressure) over time that is one of the main attributes of viscoelastic materials [21] . Furthermore, when inserted into the system of equations in its general formulation, the KV viscoelastic law give rise to a second-order derivative and consequent numerical issues related to the parabolic term. In literature this complication is treated in different manners. Alastruey et al. [2] adopts a discontinous Galerkin scheme with a spectral/hp spatial discretisation. Montecinos et al. [27] passes through a hyperbolic reformulation of the system introducing a numerical relaxation parameter (applying Cattaneo's law) and solving it with an ADER scheme. While, Formaggia et al. [16] , Mynard and Smolich [33] and Wang et al. [50] employ a specific operator-splitting procedure. The SLSM, together with the augmented FSI system proposed in the present work, directly overcome these issues, still maintaining ease of implementation and usage, with very good efficiency and robustness granted by the IMEX Runge-Kutta algorithm chosen.
The paper is structured as follows: in section 2 the mathematical model is presented first in its general formulation and successively in the augmented form, with the description of the chosen constitutive tube laws, whether elastic or viscoelastic. In section 3 the IMEX Runge-Kutta scheme for applications to hyperbolic systems with stiff relaxation terms is presented, with an analytical proof of the well-balancing of the model, intended as exact conservation of a rest initial condition (C-property), as defined in [6] . All the numerical results, including Riemann problems, C-property tests, problems for the validation of the viscoelastic contribution through the Method of Manufactured Solutions, accuracy analysis and a pulse wave test case designed for a common carotid artery, are presented and discussed in section 4. Finally, in section 5, the advantages of the model proposed are summarized together with some concluding remarks.
Mathematical model 2.1 General one-dimensional formulation
The standard one-dimensional mathematical model for blood flow, valid for medium to large-size vessels, is obtained averaging the incompressible Navier-Stokes equations over the cross-section, under the assumption of axial symmetry of the vessel and of the flow, obtaining the well established equations of conservation of mass and momentum [17] :
Here A(x, t) is the cross-sectional area of the vessel, u(x, t) is the averaged fluid velocity, p(x, t) is the averaged fluid pressure, ρ is the cross-sectional averaged density of the fluid and x and t are respectively space and time. To close the governing partial differential equation (PDE) system (1), a tube law, representative of the interaction between vessel wall displacement (through the cross-sectional area A) and blood pressure p, is required. This can be performed via a constitutive model, relating strain and stress.
Elastic constitutive tube law
In the simplest case, the pressure-area relationship is defined considering a perfectly elastic behavior of the vessel wall, with the widely adopted elastic constitutive tube law [16, 25, 30] :
In this equation, p ext (x) is the external pressure and ψ el (A, A 0 , E 0 ) is the elastic contribution of the transmural pressure, assumed as:
where α = A /A0 is the non-dimensional cross-sectional area rescaled with respect to A 0 (x), equilibrium cross-sectional area, K(x) represents the stiffness coefficient of the material, which accounts for the instantaneous Young (elastic) modulus, E 0 (x), and the wall thickness, h 0 , and finally m and n are specific parameters related to the behavior of the vessel wall, whether artery or vein. If dealing with arteries, this tube law corresponds to the well known Laplace law [53] . Indeed, defining
as the ratio between the thickness h 0 and the equilibrium radius of the wall, R 0 = √ A0 / √ π, for an artery we have:
When dealing with veins, their possible collapse in case of large negative transmural pressures has to be considered [11, 47, 32] . The collapsed state for veins is identified by a cross-sectional area assuming a buckled, dumbbell shape configuration, in which opposite sides of the interior wall touch each other, still leaving some fluid in the two extremes [11, 43] . This particular aspect leads to the assumption of different parameters for the mechanical characterization of the wall behavior [41] :
Following what presented in [7, 8] , it is also possible to derive with respect to time eq. (2) and to use the continuity eq. (1a) to obtain a PDE representative of the elastic behavior of the vessel wall:
with the same set of parameters K, m and n discussed above for the characterization of arteries (5) or veins (6).
Viscoelastic constitutive tube law
Even though mathematical models representing the blood circulation frequently neglect the viscous component of the vessel wall, it is well known that blood vessels (and living tissues in general) exhibit viscoelastic properties [18, 34, 40] . Viscoelastic effects are simulated in literature using different more or less complex rheological models, whether linear or not [20, 10, 49, 51, 19, 26] . A constitutive relation of linear viscoelasticity is built up considering the material as a sum of linear elastic springs, each one defined by a Young modulus E, and linear viscous dashpots, characterized by a viscosity coefficient η, to take into account also the time dependent relaxation of the wall and its damping effect on pressure waves.
If a single spring and a dashpot are connected in parallel, so that they both experience the same deformation or strain and the total stress is the sum of the stresses in each element, we have what is known as Kelvin-Voigt (KV) model [21] . The constitutive law which describes the behavior of a KV unit relates strain (t) and stress σ(t) as follows:
Considering initially a generic artery, the deformation of the wall is geometrically related to the crosssectional area through equation = α m − α n , with m = 1 /2 and n = 0 as values in eq. (5). Involving Barlow's formula, for which σ = W (p − p ext ), and the continuity eq. (1a), it is possible to obtain the following KV viscoelastic tube law:
with Γ = ηh 0 √ π 2 (10) representing the viscous contribution of the material. With the same approach, considering m = 10 and n = − 3 /2 as in eq. (6) for = α m − α n and assuming a relationship between stress and pressure defined as σ = 12W 3 (p − p ext ), to take into account the potential collapsibility of the vessel wall, it is possible to obtain exactly the same equation (9) , valid also for veins. This viscoelastic law, which is widely adopted among literature's well recognized blood flow models [2, 27, 50, 33] , has the deficiency of defining a relaxation response that is a constant plus a Dirac delta function. Setting the strain to be a constant, indeed, the constitutive eq. (8) reduces to the simple Hooke's law: σ = E . In this way, the stress is taken up by the spring and is constant; so in fact there is no stress relaxation over time [21] . A more realistic behavior can be modeled by the Standard Linear Solid Model (SLSM), represented in fig. 1 in its version with a Kelvin-Voigt unit, in series with an additional elastic spring. Evaluating the constitutive equation of the model, expressed in terms of stress σ and strain ,
we have that the instantaneous Young modulus E 0 , the asymptotic Young modulus E ∞ and the relaxation time τ r are respectively:
with E 1 Young modulus of the additional spring, in series with the KV unit, and E 2 Young modulus of the elastic spring of the KV element itself, as shown in fig. 1 . The SLSM is yet able to exhibit all the three primary features of a viscoelastic material: creep, stress relaxation and hysteresis [5] .
Concerning the latter aspect, indeed, it is possible to see vessels pressure-area loops representing the energy dissipated during expansion and contraction cycles [34, 40] . Moreover, in the case of the SLSM, it is possible to define the so-called relaxation function, which describes, through the relaxation time τ r , how the stiffness of the material changes in time, starting from the instantaneous value, E 0 , and reaching the asymptotic one, E ∞ :
As previously presented for the KV model and in [7] , it is possible to write the SLSM constitutive equation in terms of pressure and area. Taking into account a generic artery and parameters K, m and n as presented in eq. (5), differentiating with respect to time equation = α m − α n and Barlow's formula, it follows that:˙ = A −1 (mα m − nα n )Ȧ andσ = Wṗ. Introducing these equations in the rheological law (11) and using the continuity equation (1a), the sought PDE is obtained:
Also with the SLSM it is possible to extend the derivation of the equation to the case of veins with the same procedure discussed for the KV model, considering in this case the set of parameters K, m and n presented in eq. (6). It is here highlighted that the viscosity coefficient η of the SLSM can be re-conducted to the KV model's viscosity parameter Γ directly through eq. (10).
The augmented FSI system
Based on the choice of how to simulate the mechanical behavior of the vessel wall, whether elastic or viscoelastic, adding respectively eq. (7) or eq. (13) inside system (1), it is possible to obtain a novel 1D augmented fluid-structure interaction system valid for the blood flow modeling. Furthermore, to accommodate longitudinal discontinuities of geometrical and material properties, such as equilibrium cross-sectional area, instantaneous Young modulus E 0 (or eventually the asymptotic one, E ∞ ) and external pressure p ext , it is necessary to introduce additional equations to the system, to allow a formally correct treatment [30] . Considering that these variables are constant in time, the additional equations result: ∂ t A 0 = 0, ∂ t E 0 = 0 and ∂ t p ext = 0. The complete coupled system of the FSI problem finally results:
with the choice, in the present work, to neglect friction losses in favor of a better analysis of the energy losses attributable only to viscoelastic effects. In eq. (14c), the parameter d(A, A 0 , E 0 ) represents the elastic contribution of the tube law, having indeed the same formulation if choosing an elastic or a viscoelastic characterization of the wall:
In the same equation, the source term S(x, t) takes into account the viscous information of the vessel wall behavior, hence simply be S = 0, as in eq. (7), if an elastic wall behavior is considered, or
as in eq. (13), if a more realistic viscoelastic behavior is chosen. The reader is invited to observe how the formulation of the source term in eq. (16) is coherent to the wall's mechanical behavior assumed. If we consider that the viscosity coefficient tends to zero, η → 0, and so also the relaxation time τ r → 0, we are looking at asymptotically achieve a perfectly elastic behavior of the material, which automatically leads to S → 0 through eq. (14c). On the other hand, a relaxation time that tends to zero means, referring to the relaxation function presented in eq. (12), that the Young modulus is constant in time, being E ∞ ≡ E 0 , and thus E∞ /E0 → 1. This is, moreover, in accordance with the fact that, when we are tending to a perfectly elastic behavior, one direct consequence is that ψ el → (p − p ext ). The two latter aspects, together, lead again to the result S → 0.
It is also worth to underline that the choice of inserting the tube law in the form of a PDE straight inside the system of equations is even advantageous when selecting a viscoelastic rheological characterization of the vessel wall. Indeed, if the classical formulation is followed, together with the choice of the KV viscoelastic model, eq. (9) enters inside the system through eq. (1b), and in particular through the derivative in space of the pressure. This procedure gives rise to a second order derivative in space of the flow rate Au, which leads to deal with a non-hyperbolic system and also to substantial numerical issues. In literature this problem is treated differently, e.g. resorting a hyperbolic reformulation of the system, introducing a numerical relaxation parameter mimic Cattaneo's law [27] , using a discontinuous Galerkin scheme [2] , or considering a specific operator-splitting procedure [16, 33] .
When considering the proposed augmented FSI system, instead, the system persists to be naturally hyperbolic.
Writing the non-linear non-conservative system (14) in the general compact form leads to:
in which
The system can also be written in the quasi-linear form,
considering
It can be demonstrated that the system is hyperbolic, being the matrix A(Q) diagonalizable, with a diagonal matrix Λ(Q) containing all real eigenvalues λ l , with l = 1, · · · , N and N number of unknowns of the system (in this work N = 6), and a complete set of linearly independent eigenvectors represented by the columns of the matrix R(Q):
with c the wave speed:
Concerning the eigenvectors, the first, the fifth and the sixth characteristic fields are genuinely nonlinear and are associated with shocks and rarefactions, whereas the remaining fields are linearly degenerate (LD) and are associated with stationary contact discontinuities. Evaluating the Riemann invariants (RI) of the system, those associated with the genuinely non-linear fields are:
while those associated with the linearly degenerate fields result:
It has to be noticed that when dealing with arteries, integrals in the RI associated with the genuinely non-linear fields can be analytically resolved, resulting:
Finally, it is here mentioned that, under physiological conditions, the source term of system (14) may become stiff, depending on the spatial discretization applied. Referring to [29] , indeed, a source term can be considered stiff if
with β l representing the l-th eigenvalue of the Jacobian of S(Q) and ∆x mesh size. It can be evaluated that max{| β l |} = 1 /τr, which could reach values up to 5 orders of magnitude more than max{| λ l |} = u + c. Additionally, it is evident that the relaxation time of the material τ r , related to viscoelasticity, is the key parameter leading to stiffness.
3 Numerical model
To solve system (14), which behaves exactly like a hyperbolic systems with stiff relaxation terms, the Implicit-Explicit (IMEX) Runge-Kutta schemes proposed by Pareschi and Russo [36] for applications to these kind of systems have been considered. This scheme is asymptotic preserving and asymptotic accurate in the zero relaxation limit (i.e. the consistency of the scheme with the equilibrium system is guaranteed and the order of accuracy is maintained in the stiff limit), with an elevated robustness given by the use of an implicit Runge-Kutta scheme for the treatment of the stiff part. Usually, simpler splitting techniques are preferred to solve these kind of problems; for example Strang splitting provides second order of accuracy if each step is at least second order accurate in space [44] . However, as shown in different references [23, 12, 36, 13] and confirmed here for the specific application presented in section 4.4, this technique reduces to first order of accuracy when the problem becomes highly stiff. In these situations, indeed, the fastest time scales play a leading role in the global physics of the phenomenon and the composed solution of the splitting technique fails to capture the proper dynamics of the event. Recently developed Runge-Kutta schemes overcome this issue. Thus, a formally implicit finite volume discretization is adopted, applying a second-order L-stable diagonally implicit Runge-Kutta method (DIRK) to the stiff part and a second-order explicit strong-stability-preserving (SSP) method to the non-stiff terms, with the addition of the path-conservative Dumbser-Osher-Toro (DOT) Riemann solver, as applied in [7] for compressible flows in polymer tubes.
IMEX Runge-Kutta scheme with DOT solver
The second-order IMEX Runge-Kutta finite volume discretization of system (17) takes the form:
using a uniform grid of length L and N x elements with mesh spacing ∆x = x i+ 1 2 − x i− 1 2 = L/N x and a time step size ∆t = t n+1 − t n that follows the CFL condition, with Q n i vector of the averaged variables on the i-th cell of the domain at time t n . MatricesÃ = (ã kj ), withã kj = 0 for j ≥ k and A = (a kj ) are s × s matrices such that the resulting scheme is implicit in S(Q) and explicit for all the rest, with s number of stages. Moreover, being a DIRK scheme, a kj = 0 for j > k. An IMEX Runge-Kutta scheme is characterized by these two matrices and by the coefficient vectorsω = (ω 1 , ...,ω s ) T , ω = (ω 1 , ..., ω s ) T , which can be easily represented by a double tableau in the usual Butcher notation [36] 
where coefficient vectorsc and c are given by:
In particular, in the present work it has been chosen the stiffly accurate IMEX-SSP2(3,3,2) Runge-Kutta scheme, characterized by s = 3 stages for the implicit part, 3 stages for the explicit part and 2nd order of accuracy, which can be defined by the following tableau (explicit part on the left and implicit part on the right):
noticing that the explicit discretization coincides with an improved Euler method (Heun's method).
The explicit Runge-Kutta methods are precisely those for which the only non-zero entries in theÃ matrix of the table lie strictly below the diagonal. Entries at or above the diagonal will cause the right hand side of eq. (21a) to involve Q (j) i , giving a formally implicit method. Nevertheless, it is worth to highlight that, for the system of equations presented in this work, it is possible to obtain a totally explicit algorithm, as discussed in the Appendix, which leads to a consistent reduction of the computational cost. More details concerning the implemented IMEX algorithm can be found in the just mentioned Appendix, at the end of the paper.
For each step of the method, the numerical fluxes are obtained applying the DOT solver as defined in [14] :
with a numerical dissipation related to matrix A(Q) that includes both conservative and non-conservative terms. The fluctuations given by the non-conservative part then read [15] :
The boundary-extrapolated values within cell i are given by:
The slope ∆Q i is evaluated using the classical minmod slope limiter to achieve second-order of accuracy also in space [45] , avoiding spurious oscillations near discontinuities. The symbol Ψ stands for the path connecting left to right boundary values in the phase-space; in this work a simple linear segment has been chosen [35] , hence:
The integrals in relations (22) and (23) are approximated by a simple 3-points Gauss-Legendre quadrature formula.
Well-balancing proof
A numerical scheme is here defined exactly well-balanced (or, with the same connotation, satisfies the exact conservation property, i.e. C-property [6] ) if it is exact when applied to the stationary case at zero flow rate. For the particular case of a scheme of the form (21) for system (14) , this means that, for a given initial state of rest Q n i , ∀i ∈ [1, · · · , N x ], for each Runge-Kutta stage it turns out that:
Considering a condition of zero velocity (u = 0, Au = 0), observing system (14), it must be that p is constant in x. Thus, both the second and the third component in ∆Q i will necessarily be zero. Evaluating then the product B (Q i ) ∆Q i , it can be noticed that the only non-zero columns in B (Q i ) multiply exactly the two zero components in ∆Q i , obtaining a null vector as result. Choosing a simple linear path Ψ, the same applies also to the term B (Ψ) ∂Ψ ∂s when evaluating the fluctuations D i± 1 2 through eq. (23) and to the product |A (Ψ)| ∂Ψ ∂s when evaluating the numerical fluxes F i± 1 2 with eq. (22) . Finally, the analytical fluxes f Q ± i± 1 2 are automatically null when considering zero flow rate. It is therefore proved that the numerical model here discussed is well-balanced for the augmented FSI system of blood flow equations. It is also underlined that the C-property arises in a straightforward way from the construction of the explicit part of the scheme and not from the implicit one, which leads to have more freedom in choosing the particular set of coefficients of the IMEX method.
Pressure update analysis
Evaluating the Rankine-Hugoniot condition related to the continuity equation (14a) and to the additional elastic constitutive PDE (14c), it is observed that the celerity of the shock wave results respectively [45] :
Since the celerity of the discontinuity is unique, it is concluded that it must be necessarily:
This expression is always true if dealing with linear systems and can be considered a good approximation in case of mildly non-linear systems, but it is certainly not valid when working with highly deformable and even collapsible veins [11] . In fact, adding the tube law inside the system of equations leads, in the elastic case, to the establishment of an over-abundant system and a consequent inconsistency. Hence, to correctly update through the tube law the non-conservative variable p, in accordance with the updating of the related conservative variable A even in case of non-linear systems, an alternative evolution of the pressure has been introduced in the scheme. Defining for each k-th Runge-Kutta step
the pressure with physical sense if an elastic behavior of the vessel wall is considered, the contribution for the pressure variation in time exclusively linked to the area variation, both in the elastic and the viscoelastic case, results: ∆p
i . Thus, the additional pressure update, containing all the information of the time evolution, even regarding the viscoelastic contribution enclosed in the source term, results:
In the same way, the final update between time t n and t n+1 will be:
Involving this additional evaluation, p is properly updated following the time evolution of the variable A through the constitutive law, with the due phase-synchronization of the two variables requested by the elastic contribution of the rheological model.
Numerical results
To check the accuracy and the robustness of the proposed model, for ranges of parameters found in the human body and reported in applications regarding cardiovascular mathematics, different types of test have been set up. Initially, five Riemann problems (RP) have been selected, considering only an elastic behavior of the vessel wall, for which an exact solution is available [47] . The first of these RPs aims to verify the well-balancing of the scheme in a state of rest condition, while the others are related to unsteady problems in a tract of the aorta and in the internal jugular vein. Successively, the C-property of the scheme has been tested also in the case in which, on the left and on the right side of the discontinuity, smooth functions are defined, in the case of a generic artery and a generic vein. Furthermore, given the fact that an exact solution of the problem does not exist when considering the viscoelasticity of the vessels, to validate also the contribution given by the viscoelastic source term in eq. (16), the Method of Manufactured Solutions (MMS) has been applied [39] . Thus, a problem for a modified non-linear system of equations that is a perturbation of the original one via a source term vector has been designed, applying it, again, to a generic artery and to a generic vein. Moreover, the accuracy of the scheme proposed has been verified using these latter problems. Results obtained with the IMEX Runge-Kutta scheme have also been compared to those obtained adopting the Strang splitting technique, for which a reduction of the expected order of accuracy has been observed. An additional more realistic test case has been studied to assess the effects of viscoelasticity with respect to the simple elastic behavior of the vessel wall. Concerning the common carotid artery (CCA), a gaussian pulse wave has been prescribed at the inlet of the vessel, as presented for tests in Figure 2 : Results obtained in test RP2, at time t end = 0.007 s, solving the augmented FSI system with the IMEX Runge-Kutta scheme in terms of (a) flow rate, (b) pressure, (c) non-dimensional cross-sectional area and (d) velocity, with respect to the exact solution. [1, 42] . In all the simulations presented in this work CFL = 0.9 with a constant number of cells in the domain N x = 100 (with the clear exception of the tests run for the accuracy analysis). For the geometric and mechanical parameters of the vessels we referred to [30, 31, 54] . The complete code, written in MATLAB (MathWorks Inc.) language, with the implemented test cases, is made available in the Mendeley Data repository associated to this article [9] .
Riemann problems
The first Riemann problem, RP1, has been designed to verify the well-balancing, in a rest state, of the IMEX Runge-Kutta scheme here proposed for the resolution of the novel augmented FSI system (14) . Results of RP1 at t end = 0.01 s (after 94 complete time iterations) confirm that the scheme is able to preserve the initial condition in the case of zero flow rate. Indeed, the L 2 norm evaluated for the evolution variables A, Au and p results, respectively: 3.83 × 10 −20 , 0 and 0 (values in SI units). The problem presents an initial discontinuity in A, A 0 , E 0 and p ext . The second Riemann problem, RP2, represents a hypothetical case of systolic pressure and peak flow arriving in a portion of the thoracic aorta. In this problem, the left side of the aorta, so the part that in the initial state was already reached by the systolic peak (represented in fig. 2 by the shock wave on the right), is compressed, while on the right of the initial discontinuity the aorta is 10 times stiffer than the part on the left. This idealized configuration leads to a partial reflection of the incoming wave, which can be noticed in fig. 2 by the presence of the shock wave on the left. From the same figure it is possible to observe that a good agreement between the exact solution and the numerical results is achieved for all the variables.
In the third Riemann problem, RP3, the effects of an idealized Valsalva maneuver on a portion of the internal jugular vein are depicted. The Valsalva maneuver consists in the practice of exhaling while closing all the airways, producing a sharp increase of the central venous pressure of the analyzed subject. Moreover, in this test it is considered that downstream, in the correspondence of the heart, there is an incompetent valve that causes a venous reflux towards the head (represented in fig. 3 by the elastic jump traveling to the left). Even in this very challenging test case, in which there is also the presence of a rarefaction wave traveling to the right, the numerical results agree very well with the exact solution. These first three Riemann problems were reproduced with reference to [30] . Riemann problems 4 (RP4) and 5 (RP5), presented in figs. 4 -5, concern again a single tract of the thoracic aorta and a single tract of the internal jugular vein respectively. In this case a unique initial jump in the cross-sectional area (and thereby in the pressure, being evaluated through the tube law) is considered, to assess the effects of a solely geometrical discontinuity. Even in these tests, numerical results correctly capture the exact solution, confirming once more the suitability of the model to solve also unsteady problems, both in arteries and veins. It is here underlined that, in RP5, the small undershoot/overshoot of the numerical solution in correspondence of the tail of the rarefaction wave (figs. 5c -5d) depends on the slope limiter chosen. This irregularity, indeed, would not appear using the superbee limiter instead of the minmod. Nevertheless, it has been decided to present the results using a single slope limiter in a uniform manner, with the minmod being the most accurate among all the tests. Additionally, it is possible to observe, comparing the rarefaction wave in fig. 5b with the one in fig. 5c , the typical non-concave -non-convex behavior of veins [43] given by the specific parameters adopted in the tube law presented in eq. (2). The complete set of initial data is listed, for each RP, in table 1. 
C-property problems
To test the C-property of the scheme even in the case in which not piece-wise constant but smooth functions are defined on the left and on the right side of a central initial discontinuity, two additional problems have been designed. The first test (CP1) takes into account a portion of a generic artery, while the second one (CP2) a portion of a generic vein, in both cases simply concerning an elastic behavior of the wall. Mechanical and geometrical reference data are given in Table 2 : Parameters used for the C-property tests: domain length L, vessel wall thickness h 0 , reference velocity u 0 , reference pressure p 0 , reference cross-sectional area a, reference instantaneous Young modulus e 0 , reference external pressure p e . Variable Table 3 : Initial conditions (IC) for the C-property tests CP1 and CP2. Subscripts L and R stand for the smooth initial values respectively on the left and on the right of the initial discontinuity, located in x 0 . The initial condition of the area A is evaluated solving the tube law presented in eq. (2). For parameters u 0 , p 0 , a, e and p e refer to table 2. 
Problems for the validation of the viscoelastic contribution
To validate also the additional contribution given by viscoelasticity in the proposed model, we recurred to the Method of Manufactured Solutions [39] . Manufactured solutions are exact solutions to a set of governing equations that have been modified with forcing terms. Thus, starting from system (18), a smooth, exact solution of the perturbed system, which is a non-homogeneous non-linear system, Table 4 : Parameters used for the tests built up to validate the viscoelastic contribution in a generic artery (VV1) and in a generic vein (VV2). Values chosen or calibrated in accordance with standard ranges found in the human body. is prescribed as follows: (18), a non-homogeneous system with a residual source term R(x, t) (resulting becauseQ is not the exact solution) is obtained:
Knowing R(x, t), which can be analytically obtained with algebraic manipulations, it is possible to solve the system enriched by the additional source term:
The numerical scheme must therefore reproduceQ as unique solution.
The initial condition is fixed asQ(x, 0). For this type of test, periodic boundary conditions are defined, in accordance with the periodicity of the expected solution. Results are reported in fig. 7 (test VV1, concerning an artery) and fig. 8 (test VV2, concerning a vein) and confirm the validity of the model discussed in the present work also with respect to the proposed treatment of viscoelastic contributions of vessels. 
Accuracy analysis
For the same test cases discussed in the previous section 4.3, for which the prescribed solution is intended as the exact one, an accuracy analysis has been carried out. It can be seen, observing results reported in table 5, that the expected second-order of accuracy is achieved for all the evolution variables. Given the set of parameters for each test case presented in table 4, following what stated in eq. (20) , it is worth to notice that, when considering a discretization with ∆x > 1.0 × 10 −4 m, the two problems become stiff. Therefore, this analysis confirms that the chosen IMEX-SSP2 Runge-Kutta scheme is asymptotic accurate, preserving the expected order of accuracy in the stiff limit. However, it has been verified that resolving the same problems with a simple Strang splitting technique (which should provide second-order of accuracy if each step is at least second order accurate in space [44] ) would lead to a reduction of the expected accuracy to first-order. The non-asymptotic behavior of this technique in the stiff limit was already discussed in literature for different contexts [23, 12, 36, 13] . In the present paper this weakness is confirmed even for the specific application of blood flow modeling. 
Inlet pulse wave problem
An additional test case has been designed to assess the effects of viscoelasticity with respect to the simple elastic behavior of the vessel wall. In this pulse wave (PW) problem, a Gaussian-shape pulse pressure in time is prescribed at the inlet of the vessel, with function as in [1] :
Inflow boundary conditions are defined prescribing the inlet pressure p in and applying the Riemann invariants Γ 1 and Γ 2 presented in section 2.4. Then, considering a single tract of the common carotid artery (CCA), coefficients P 0 , t 0 and ς are adapted to simulate an idealistic pulse wave passing trough the vessel. Thus, it is assumed P 0 = 15.00 kPa, t 0 = 15.00 ms and ς = 3.00 ms. The rest of the parameters are set considering values available in literature [2, 31, 54] with regards to the CCA: equilibrium radius R 0 = 4.00 mm, wall thickness h 0 = 0.15 mm, external (equilibrium) pressure p ext = 75.00 mmHg and reference celerity c 0 = 5.92 m/s. The instantaneous Young modulus is evaluated considering the reference celerity and then simply inverting eq. (19) , resulting E 0 = 0.25 MPa.
Concerning the remaining elastic and viscoelastic coefficients, the attribution of the viscosity coefficient η is done through eq. (10), considering the relation between Γ and R 0 defined in [33] : Γ = 0.05 /R0 + 0.4. The relaxation time thus obtained is τ r = 7.90 ms. Finally, the asymptotic Young modulus is fixed in order to reproduce a realistic energy loss (represented by the hysteresis loop) with respect to CCA pressure-diameter measurements available in literature [34, 40] , with an approach similar to the one proposed in [3] . Hence, this sort of calibration has led to E ∞ = 0.8 E 0 = 0.20 MPa. The length of the domain was stretched with respect to standard lengths of the common carotid artery to conveniently plot the entire traveling pulse. The relevance of taking into account viscoelastic damping effects appears evident when observing fig. 9 , in which numerical results over an elastic vessel wall are compared to those obtained applying the proposed viscoelastic model. The effective energy loss is also shown in fig. 10 , with the occurrence of the hysteresis loop.
Conclusions
In the present work, an innovative augmented fluid-structure interaction system has been proposed for the blood flow modeling with regards to the viscoelastic effects of arterial and venous walls. The model has been validated through idealized time-dependent tests for situations close to reality, considered as a tool for checking the accuracy and the robustness of hemodynamics models. The selected IMEX Runge-Kutta scheme has been proved to preserve the expected second-order of accuracy also when dealing with stiff source terms, confirming the asymptotic-preserving property also in the blood flow context here discussed. Given the satisfactory results obtained in all the test cases, it is believed that the proposed augmented FSI system of blood flow equations can be a valid instrument for modeling the human circulation, both in arteries and veins, representing a valuable resource for different real medical applications. A simple shift from elastic to viscoelastic characterization of the vessel wall is ensured by the straightforward addition of a source term. Recurring to the augmented FSI system, in fact, would be mostly advantageous when taking into account the viscoelastic wall behavior of vessels: all the viscosity information would be enclosed within a source term, avoiding the presence of second order derivatives in the system. Moreover, in this manner the governing system of equations remains purely hyperbolic. Finally, the impact of characterizing the mechanics of the vessel wall concerning viscoelastic effects and not only the elastic ones has been pointed out. In this context, the viscoelastic Standard Linear Solid Model proposed better describes the complex behavior of a viscoelastic material if compared with the Kelvin-Voigt model frequently adopted in the biofluid dynamics literature [2, 27, 50, 33] , still maintaining ease of implementation and usage.
In particular, analysing the structure of the system, it can be observed that each step can be analytically linearised, avoiding the adoption of a Newton-Raphson method (or similar ones) for the evaluation of the implicit part. Replacing the already explicit contributions of the convective part,
the final totally explicit formulation is here presented in details, for each of the 3 Runge-Kutta steps, only for the first three equations of system (14):
i , A 0,i , E 0,i − p (2) i − p ext,i + ∆ta 33 τ r + ∆ta 33
i , A 0,i , E 0,i + p ext,i
The time update of the variables finally results:
